Several classes of (2m−1,w,2) optical orthogonal codes  by Ding, Cunsheng & Xing, Chaoping
Discrete Applied Mathematics 128 (2003) 103–120
www.elsevier.com/locate/dam
Several classes of (2m − 1; w; 2) optical
orthogonal codes
Cunsheng Dinga ;∗ , Chaoping Xingb
aDepartment of Computer Science, The Hong Kong University of Science and Technology,
Clear Water Bay, Kowloon, Hong Kong, China
bDepartment of Mathematics, The National University of Singapore, Block S14, 2 Science Drive 2,
Singapore 117543, Singapore
Received 2 February 2001; received in revised form 20 August 2001; accepted 8 April 2002
Abstract
Optical orthogonal codes have applications in optical code-division multiple access commu-
nication systems and other wide band code-division multiple environments. They can also be
used to construct protocol sequences for multiuser collision channel without feedback, and con-
stant weight codes for error detection and correction. In this paper, we construct four classes
of (2m − 1; w; 2) cyclotomic optical orthogonal codes, where w∈{5; 9} or w¿ 11 is any prime
having primitive root 2, and therefore the corresponding classes of binary constant-weight cyclic
codes.
? 2003 Elsevier Science B.V. All rights reserved.
Keywords: Optical orthogonal codes; Constant-weight codes; Code-division multiple access; Collision
channel without feedback
1. Introduction
Optical orthogonal codes were proposed for application in optical code-division mul-
tiple access communication systems (see, e.g. [14,8,9,5]). Optical orthogonal codes can
also be used in other wide-band code-division multiple-access environments [5]. Op-
tical orthogonal codes are also called cyclically permutable constant weight codes in
connection to constructing protocol sequences for multiuser collision channel without
feedback (see [12]).
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So far a number of families of optical orthogonal codes have been constructed,
see, e.g., [1,4,5,12,11,7,13,15]. Some combinatorial constructions for (v; k; 1) optical
orthogonal codes can be found in [1,16]. In this paper, we construct some classes of
cyclotomic optical orthogonal codes with parameters (2m − 1; w; 2), where w∈{5; 9}
or w¿ 11 is any prime having primitive root 2, and the number of codewords is
(2m−1−w)=w. According to Chung et al. [5], optical orthogonal codes for application
in optical code-division multiple access communication systems have the property that
each codeword has many more 0’s than 1’s. The classes of optical orthogonal codes
described in this paper also have this property.
2. Preliminaries
An (n; w; ) optical orthogonal code (in short, OOC) C is a family of (0; 1) sequences
of length n and weight w which satisfy the following properties.
(1) The autocorrelation property:
∑n−1
t=0 xtxt+6  for any x∈C and any integer ,
0¡¡n.
(2) The crosscorrelation property:
∑n−1
t=0 xtyt+6  for any x = y∈C and any in-
teger .
Throughout this paper Zn={0; 1; 2; : : : ; n−1} denotes the ring with respect to the integer
addition modulo n and integer multiplication modulo n. For any binary sequence x of
length n, we deBne X = {i∈Zn|xi = 1}, and call X the characteristic set of x. On
the other hand, for any subset X of Zn, we deBne a sequence x as xi = 1 if and only
if i∈X , and call x the characteristic sequence of the set X . Clearly, the weight of x
equals |X |. In terms of the characteristic set, the foregoing two correlation properties
become the following:
(1) The autocorrelation property
|X ∩ (X + )|6  (1)
for any x∈C and any integer , 0¡¡n, where X + a= {x + a|x∈X }.
(2) The crosscorrelation property
|X ∩ (Y + )|6  (2)
for any x = y∈C and any integer .
The research focus has been on periodic correlation, i.e., the subscripts are reduced
modulo n whenever necessary. Since each sequence x has weight w, the autocorrelation
equals w when =0. To avoid triviality, we require that ¡w throughout this paper.
The (0; 1) sequences of an optical orthogonal code are called its codewords. The size
of an optical orthogonal code, denoted by |C|, is the number of codewords in it.
For a given set of values of n, w, and , the largest possible size of an (n; w; )
optical orthogonal code is denoted by (n; w; ). It follows from the Johnson bound
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for constant-weight codes that [5]
(n; w; )6
⌊
1
w
⌊
(n− 1)
(w − 1)
⌊
(n− 2)
(w − 2)
⌊
· · ·
⌊
(n− )
(w − )
⌋
· · ·
⌋⌋⌋⌋
:
This bound is achievable for  = 1. It is still open whether this bound for  = 3 is
achievable.
3. The (2m − 1; f; ) optical orthogonal codes
To construct the cyclotomic optical orthogonal codes, we need cyclotomic classes
and numbers with respect to the Bnite Beld GF(q), where q is a prime power.
Let q = df + 1 be a power of a prime, where f and d = (q − 1)=f are positive
integers. Let  be a primitive element of GF(q). We consider cyclotomic classes D(d;q)i
of order d, which are deBned as [6, Chapter 4]
D(d;q)i = 
i〈d〉; 06 i6d− 1;
where 〈d〉 denotes the multiplicative group generated by d. Each cyclotomic class
D(d;q)i has f elements. The cyclotomic numbers of order d are deBned as
(i; j)(d;q) = |(D(d;q)i + 1) ∩ D(d;q)j |:
Every nonzero element of GF(q) is a power i, where 06 i6 q − 2. The logarithm
of an element i with respect to , denoted as log(
i), is deBned to be i∈Zq−1. As
before, let q = df + 1, and let D(d;q)i be the cyclotomic classes of order d. We now
deBne C(d;q)i = log(D
(d;q)
i − 1) for each i with 16 i6d− 1. Then C(d;q)i is a subset
of Zq−1 with f elements and these C
(d;q)
i are pairwise disjoint.
The idea is to use the sets C(d;q)i to construct optical orthogonal codes by employing
them as the characteristic sets of the codewords. Let xi be the characteristic sequence
of C(d;q)i for each i, where 16 i6d− 1. DeBne
C = {xi|16 i6d− 1}: (3)
Then the size of C is d− 1 = (q− f − 1)=f.
Theorem 1. The C of (3) is a (q − 1; f; ) optical orthogonal code with size
(q− f − 1)=f, where
= max
06i; j6d−1
(i; j)(d;q);
provided that ¡f.
Proof. We need only to prove the formula for . To determine , we need to calculate
|C(d;q)i ∩ (C(d;q)j + w)| according to (1) and (2).
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For any 16w6 q − 2, assume that (1 − w)−1 ∈D(d;q)h and w ∈D(d;q)k , where
06 h6d− 1 and 06 k6d− 1. Then for any i = 0 and j = 0, we have
|C(d;q)i ∩ (C(d;q)j + w)|= |log(D(d;q)i − 1) ∩ [log(D(d;q)j − 1) + w]|
= |log(D(d;q)i − 1) ∩ log(wD(d;q)j − w)|
= |log[(D(d;q)i − 1) ∩ (wD(d;q)j − w)]|
= |(D(d;q)i − 1) ∩ (wD(d;q)j − w)|
= |D(d;q)i ∩ (wD(d;q)j + 1− w)|
= (j + k + h; i + h)(d;q): (4)
Note that the sets C(d;q)i are pairwise disjoint. By (4) the minimal  such that (1) and
(2) hold is equal to the maximum cyclotomic number of order d = (q − 1)=f. Note
that 6f by deBnition. The condition ¡f ensures that the codewords of C are
cyclically distinct.
Lemma 1. The cyclotomic numbers of order d are given by
(i; j)(d;q) = |{(a; b)∈Z2f|j+ad − i+bd = 1}|:
In the following subsections, we shall look for conditions to ensure that all the cyclo-
tomic numbers of order d are at most two. To this end, we are concerned with whether
there are two distinct pairs (u; v) and (r; s) in {0; 1; : : : ; f − 1}2 such that both
j+ud − i+vd = 1 (5)
and
j+rd − i+sd = 1 (6)
hold at the same time, and whether there are more than two such pairs.
If u= v or v= s or r − u ≡ s− v (modf) and (5) and (6) hold, then (u; v) = (r; s).
Therefore we assume that
u = r; v = s; r − u ≡ s− v (modf): (7)
Let A= j+ud and B= i+vd. By (5) and (6), we have
A− B= 1 and A
B
=
1− (s−v)d
1− (r−u)d :
Whence
A=
1− (s−v)d
(r−u)d − (s−v)d ; B=
1− (r−u)d
(r−u)d − (s−v)d :
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3.1. The (2m − 1; 5; 2) optical orthogonal codes
Theorem 2. If q = 2m = 5d + 1, the set C de8ned in (3) is a (2m − 1; 5; 2) optical
orthogonal code with size (2m − 6)=5.
Proof. It follows from Theorem 1 and Lemma A.1 in Appendix A.
Example 1. Consider the Bnite Beld GF(24) deBned by the primitive element  with
4++1=0. Note that 24−1=df+1, where d=3 and f=5. The cyclotomic classes
of order 3 are D(3;16)0 = {1; 3; 6; 9; 12}, D(3;16)1 = D(3;12)0 , and D(3;16)2 = 2D(3;16)0 . It
is calculated that
C(3;16)1 = {4; 1; 5; 6; 9}; C(3;16)2 = {8; 10; 2; 12; 3}:
Note that 1 + d = 14 ∈ {3d; 5d}. The characteristic sequences of these C(3;16)i form
a (15; 5; 2) optical orthogonal code of size 2.
3.2. The (2m − 1; 9; 2) optical orthogonal codes
Theorem 3. If q = 2m = 9d + 1, the set C de8ned in (3) is a (2m − 1; 9; 2) optical
orthogonal code with size (2m − 10)=9.
Proof. It follows from Theorem 1 and Lemma B.1 in Appendix B.
Example 2. Consider GF(26) with primitive element , where 6 ++1=0. Note that
26 − 1= df, where d=7 and f=9. The cyclotomic classes of order 7 are i(7). By
deBnition
C(7;64)1 = {6; 48; 23; 50; 60; 54; 39; 22; 58};
C(7;64)2 = {12; 45; 33; 15; 46; 44; 37; 53; 57};
C(7;64)3 = {32; 61; 47; 4; 34; 49; 9; 14; 20};
C(7;64)4 = {24; 25; 27; 11; 3; 43; 30; 51; 29};
C(7;64)5 = {62; 2; 56; 7; 16; 55; 17; 36; 10};
C(7;64)6 = {1; 35; 59; 18; 31; 28; 8; 40; 5}:
The six sets C(7;64)i give a (63; 9; 2) optical orthogonal code with size 6.
3.3. The (2m − 1; 11; 2) optical orthogonal codes
Theorem 4. If q= 2m = 11d+ 1, the set C de8ned in (3) is a (2m − 1; 11; 2) optical
orthogonal code with size (2m − 12)=11.
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Proof. It follows from Theorem 1 and Lemma C.1 in Appendix C. It is also a corollary
of Theorem 6.
3.4. The (2m − 1; 13; 2) optical orthogonal codes
Theorem 5. If q= 2m = 13d+ 1, the set C de8ned in (3) is a (2m − 1; 13; 2) optical
orthogonal code with size (2m − 14)=13.
Proof. It follows from Theorem 1 and Lemma D.1. It is also a corollary of Theorem
6.
Example 3. Consider the Bnite Beld GF(212) with generating element , where 12 +
6 + 4 + +1=0. Note that 212− 1=df, where f=13 and d=315. The cyclotomic
classes of order d are D(315;2
12)
i = 
i(315). DeBne C(315;2
12)
i = ind(D
(315;212)
i − 1) for all
16 i6 314. These C(315;2
12)
i give a (2
12 − 1; 13; 2) optical orthogonal code with size
314.
3.5. More classes of optical orthogonal codes
In this subsection, let 2m−1=df and we consider the (2m−1; f; ) code of Theorem
1, where f has primitive root 2.
Theorem 6. If q = 2m = df + 1 and 2 is a primitive root of f, where f¿ 11 is an
odd prime, then the set C de8ned in (3) is a (2m − 1; f; 2) optical orthogonal code
with size (2m − 1− f)=f.
Proof. By Theorem 1, we need only to prove that (i; j)(d;q)6 2 for all pairs (i; j)∈Z2d.
We prove it by contradiction. Assume that for some (i; j) there are three such distinct
pairs (u; v), (r; s), and (h; g) satisfying (5) and (6) and j+hd − i+gd = 1. By the
discussion below Lemma 1, we have
A
B
=
1 + #s−v
1 + #r−u
=
1 + #h−v
1 + #g−u
; (8)
where A= j+ud, B= i+vd, and # = d. Hence we have
(1 + #s−v)(1 + #g−u) = (1 + #r−u)(1 + #h−v);
which gives
#l1 + #l2 + #l1+l2 + #l3 + #l4 + #l3+l4 = 0; (9)
where l1 = s − vmodf, l2 = g − u mod f, l3 = r − u mod f, and l4 = h − v mod f.
By the assumption in (7), we have
li = 0; l1 = l3; l2 = l4: (10)
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Since 2 is a primitive root modulo f, the polynomial
∑f−1
i=0 x
i is irreducible over
GF(2). Hence it is the minimal polynomial of # over GF(2) with f terms. While the
left-hand side of (9) can be viewed as a polynomial of # with degree less than or
equal to f − 1, and thus must be a zero polynomial. However, because of (10) only
the following three cases (A), (B) and (C) may occur:
(A) l1 = l2: This implies A= B and thus impossible.
(B) l1 = l3 + l4 mod f: This implies l2 = l3 =0, which is impossible because of (10).
(C) l1 = l4: This implies that the third pair is equal to the second pair, and thus
impossible.
Thus in each case we arrive at a contradiction. This completes the proof of (i; j)(d;q)6 2
and thus that of the theorem.
Note that 2 is a primitive root of 11, 13. Theorems 4 and 5 are corollaries of Theorem
6. Note that 2 is also a primitive root of 19 and 29, and many other primes, Theorem
6 gives more classes of codes. Recall that it is conjectured that 2 is a primitive root
of inBnitely many primes. If this conjecture is true, Theorem 6 yields inBnitely many
classes of codes.
4. Concluding remarks
In this paper, we construct the classes of (2m − 1; w; 2) optical orthogonal codes
that may be used for optical code-division multiple access communication systems and
other wide band code-division multiple environments, where w∈{5; 9} or w¿ 11 is
any other prime having primitive root 2, and the size of the codes is (2m − 1− w)=w.
The cyclotomic approach was used to construct single binary sequences with optimal
autocorrelation properties by Lempel, Cohn, and Eastman in 1977 [10]. Here we use it
to construct optical orthogonal codes. As for our construction, the most diKcult part is
the computation of cyclotomic numbers with respect to GF(2m) of very large orders.
In the literature cyclotomic numbers with respect to GF(2m) are known only for orders
up to 6.
Note that the multiplicative order of 2 modulo 5, 9, 11 and 13 is 4, 6, 10 and 12,
respectively. 2m−1 has factor 5 if 4 divides m, factor 9 if 6 divides m, factor 11 if 10
divides m, and factor 13 if 12 divides m. Thus each of the classes of optical orthogonal
codes constructed in this paper has inBnitely many codes. For more information about
the factorization of integers of the form 2m − 1, we refer to [2].
By including all the shifted versions of the codewords of a (2m − 1; w; 2) optical
orthogonal code of this paper, we obtain a binary constant-weight code of length 2m−1,
size (2m − 1)(2m − 1−w)=w, minimum distance 2(w− 2), and constant weight w. The
constant weight codes derived from the optical orthogonal codes are cyclic codes. In
fact, binary optical orthogonal codes are the same as binary cyclic constant weight
codes. As many binary constant weight codes are not cyclic, optical orthogonal codes
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are only a small class of constant weight codes, and may not be able to achieve the
bounds for general constant weight codes [3].
The classes of (2m − 1; w; 2) codes described in this paper are not optimal with
respect to the bound of (3). In fact, we do not know any optimal (n; w; 2) opti-
cal orthogonal codes for w∈{5; 9; 11; 13; : : :}, where n could vary and is indepen-
dent of w. But there are several classes of optimal (n; w; 1) optical orthogonal
codes.
If 2m − 1 = fd, where f = 2e − 1 for some integer e, then one can prove that
(0; 0)(d;2
m−1) = f − 1. So the optical orthogonal code deBned in (3) has parameters
(2m−1; f; ), where f−16 6f. So this is almost the worst optical orthogonal code.
This means that the construction of this paper could give very bad optical orthogonal
codes, for example, when f = 3, 7, and 15. In order to obtain good codes one has to
select a proper parameter f, such as the cases f=5; 9; 11, and 13 considered in this
paper.
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Appendix A. Cyclotomic numbers of order (q − 1)=5
Lemma A.1. Let q=2m=5d+1 and 1+d=t1d+t2 , where 06 t16 4 and 06 t26d−
1. Then (i; j)(d;q) = 2 if (i; j) or (j; i) takes on one of
(t2; 0); (d− t2; 0); (d− t2; d− t2); (t2; t2)
and (i; j)(d;q)6 1 for all other pairs (i; j)∈Z2d and (j; i)∈Z2d. Here the arithmetic on
t2 is that of the residue class ring Zd.
Proof. By the assumptions of (7), there are 12 cases. Note that by swapping the values
of (A; B) for the case (r−u; s−v)=(i; j), we get the values of (A; B) for the symmetric
case (r−u; s−v)=(j; i). Thus we need to give the values of (A; B) for the 6 cases, as in
Table 1. Since (j; i)(d;q) = (i; j)(d;q), Table 2 lists the pairs (j; i) and the corresponding
two distinct pairs (u; v) and (r; s) in {0; 1; : : : ; f− 1}2 such that both (5) and (6) hold
at the same time.
Note that t2 = 0 and d is odd. The conclusion of Lemma A.1 follows from Table 2
and Lemma 1.
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Table 1
The values of A and B for f = 5
(r − u; s− v) mod 5 A B
(1; 2) (t1+4)d+t2 4d
(1; 3) 2d (3−t1)d+(d−t2)
(1; 4) (4−t1)d+(d−t2) (5−t1)d+(d−t2)
(2; 3) (1+t1)d+t2 (3+t1)d+t2
(2; 4) (1−t1)d+(d−t2) 3d
(3; 4) d t1d+t2
(4; 3) t1d+t2 d
Table 2
The pairs (j; i) with corresponding (u; v) and (r; s)
(j; i) (u; v) (r; s)
(t2; 0) (t1 + 4; 4) (t1; 1)
(t1; 1) (t1 + 4; 4)
(d− t2; 0) (1− t1; 3) (3− t1; 2)
(3− t1; 2) (1− t1; 3)
(d− t2; d− t2) (4− t1; 5− t1) (5− t1; 4− t1)
(5− t1; 4− t1) (4− t1; 5− t1)
(t2; t2) (1 + t1; 3 + t1) (3 + t1; 1 + t1)
(3 + t1; 1 + t1) (1 + t1; 3 + t1)
Appendix B. Cyclotomic numbers of order (q − 1)=9
Lemma B.1. Let q = 2m = 9d + 1 and 1 + d = t1d+t2 , where 06 t16 8 and
06 t26d− 1. Then (i; j)(d;q) = 2 if (i; j) or (j; i) takes on one of
(t2; 0); (−2t2;−t2); (4t2; t2); (0;−3t2);
(−4t2;−3t2); (2t2; t2); (−t2; t2); (2t2; 0);
(4t2; 2t2); (−4t2;−2t2); (3t2;−t2); (2t2;−2t2);
(0; 0); (−t2;−t2); (−2t2;−2t2); (3t2; 3t2)
and (i; j)(d;q)6 1 for all other (i; j)∈Z2d and (j; i)∈Z2d. Here the arithmetic on t2 is
that of the residue class ring Zd.
Before proving Lemma B.1, we need several auxiliary results that are summarized in
the following lemmas. Recall that 1+d=t1d+t2 , where 06 t16 8 and 06 t26d−1.
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Lemma B.2. t2 = 0.
Proof. Note that 9d=1 and 1+3d=6d. The proof is straightforward and omitted.
Lemma B.3. 7t2 ≡ 0 (mod d) and 7 divides d.
Proof. Note that 9d = 1. DeBne
x =
1− 8d
8d − 4d =
4d
(1 + d)3
= (4−3t1)d−3t2 :
On the other hand, we can compute x in the following way:
x =
(1 + d)8
4d(1 + d)4
= 5d(1 + d)4 = (5+4t1)d+4t2 :
Note that the multiplicative order of  is 9d. It follows that 7t2 ≡ 0 (mod d). Note
that 7 is prime and t2 = 0. We have 7|d.
Lemma B.4. kt2 ≡ 0 (mod d) for any k ∈{1; 2; 3; 4; 5; 6}.
Proof. It was proved in Lemma B.2 that t2 = 0. Note that 7t2 ≡ 0 (mod d) and d is
odd. The conclusions of this lemma then follow.
Proof of Lemma B.1. We now Bnd all two distinct pairs (u; v) and (r; s) in {0; 1; : : : ;
f− 1}2 such that both (5) and (6) hold at the same time. By the assumptions of (7),
there are 56 cases. Due to symmetry, we need to take care of half of the cases. The
values for A and B in the 28 cases are given in Table 3. Summarizing the 28 cases in
the table, we see that each of the 14 pairs (j; i) and (i; j)∈Zd × Zd given in Lemma
B.1 appear exactly twice in the set {(log A mod d; log B mod d)}. It follows from
Lemmas B.2 until B.4 that all the 14 pairs (j; i) are pairwise distinct. The conclusion
of Lemma B.1 then follows from Lemma 1.
Appendix C. Cyclotomic numbers of order (q − 1)=11
Throughout this appendix, let q = 2m = df + 1, where f = 11 and m is a positive
integer. Let  and the cyclotomic classes of order d be deBned as before. Note that
1 + d must be written as t for some integer 06 t6 q− 2. Hence there are integers
06 t16 10 and 06 t26d− 1 such that
1 + d = t1d+t2 :
It will be proved in the sequel that t2 = 0 and 31t2 ≡ 0 (mod d). Thus 31 divides d.
It then follows that 5 divides m.
Lemma C.1. The cyclotomic number (i; j)(d;q) = 2 if (i; j) or (j; i) takes on one of
the pairs of Table 4, and (i; j)(d;q)6 1 for all other (i; j)∈Z2d and (i; j)∈Z2d. Here
the arithmetic on t2 is that of the residue class ring Zd.
C. Ding, Chaoping Xing /Discrete Applied Mathematics 128 (2003) 103–120 113
Table 3
The values of A and B for f = 9
(r − u; s− v) mod 9 A B
(1; 2) (8+t1)d+t2 8d
(1; 3) (5−2t1)d−2t2 (8−t1)d−t2
(1; 4) (2+4t1)d+4t2 (2+t1)d+t2
(1; 5) 4d (8−3t1)d−3t2
(1; 6) (6−4t1)d−4t2 (3−3t1)d−3t2
(1; 7) (3+2t1)d+2t2 (5+t1)d+t2
(1; 8) −t1d−t2 (1−t1)d−t2
(2; 3) (4−t1)d−t2 (7+t1)d+t2
(2; 4) (7+2t1)d+2t2 7d
(2; 5) (6+4t1)d+4t2 (1+2t1)d+2t2
(2; 6) (1−4t1)d−4t2 (7−2t1)d−2t2
(2; 7) −2t1d−2t2 (2−2t1)d−2t2
(2; 8) (3+t1)d+t2 (4+2t1)d+2t2
(3; 4) (6+3t1)d+3t2 (3−t1)d−t2
(3; 5) (2+2t1)d+2t2 (3−2t1)d−2t2
(3; 6) 3d 6d
(3; 7) (4−2t1)d−2t2 (3−4t1)−4t2
(3; 8) −3t1d−3t2 (7−4t1)d−4t2
(4; 5) (1+3t1)d+3t2 (5+3t1)d+3t2
(4; 6) (8−2t1)d−2t2 (5+2t1)d+2t2
(4; 7) (6+2t1)d+2t2 (8+4t1)d+4t2
(4; 8) (4−3t1)d−3t2 5d
(5; 6) (7−t1)d−t2 3t1d+3t2
(5; 7) 2d 2t1d+2t2
(5; 8) (6+t1)d+t2 (3+4t1)d+4t2
(6; 7) (1+t1)d+t2 (6−t1)d−t2
(6; 8) (2−t1)d−t2 (6−2t1)d−2t2
(7; 8) d t1d+t2
Table 4
The pairs (i; j) and (j; i) with (i; j)(d;q) = 2 for f = 11
(t2; 0) (6t2;−t2) (−4t2;−7t2) (12t2;−3t2) (0;−15t2)
(−12t2;−15t2) (4t2;−3t2) (−6t2;−7t2) (7t2; t2) (2t2; 0)
(8t2;−6t2) (12t2;−2t2) (−12t2;−14t2) (−8t2;−14t2) (3t2; 7t2)
(14t2; 6t2) (8t2; 0) (0; 4t2) (15t2; 3t2) (14t2; 2t2)
(−t2;−t2) (−2t2;−2t2) (−4t2;−4t2) (−8t2;−8t2) (15t2; 15t2)
Before proving Lemma C.1, we need several auxiliary results that are summarized in
the following lemmas. Recall that 1+d=t1d+t2 , where 06 t16 10 and 06 t26d−1.
Note that 11d = 1. We obtain
1 + 3d = 11d + 3d = 3d(1 + d)8; (C.1)
which will be used frequently in the sequel.
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Table 5
The values of A and B for f = 11: Part I
(r − u; s− v) mod 11 log A log B
(1; 2) (10 + t1)d+ t2 10d
(1; 3) (2 + 6t1)d+ 6t2 (10− t1)d− t2
(1; 4) (7− 4t1)d− 4t2 (7− 7t1)d− 7t2
(1; 5) (10 + 12t1)d+ 12t2 (10− 3t1)d− 3t2
(1; 6) 5d (10− 15t1)d− 15t2
(1; 7) −12t1d− 12t2 (4− 15t1)d− 15t2
(1; 8) (3 + 4t1)d+ 4t2 (3− 3t1)d− 3t2
(1; 9) (8− 6t1)d− 6t2 (10− 7t1)d− 7t2
(1; 10) −t1d− t2 (1− t1)d− t2
(2; 3) (1 + 7t1)d+ 7t2 (9 + t1)d+ t2
(2; 4) (9 + 2t1)d+ 2t2 9d
(2; 5) (6 + 8t1)d+ 8t2 (6− 6t1)d− 6t2
(2; 6) (4 + 12t1)d+ 12t2 (9− 2t1)d− 2t2
(2; 7) (5− 12t1)d− 12t2 (9− 14t1)d− 14t2
(2; 8) (3− 8t1)d− 8t2 (3− 14t1)d− 14t2
(2; 9) −2t1d− 2t2 (2− 2t1)d− 2t2
(2; 10) (8− 7t1)d− 7t2 (9− 6t1)d− 6t2
(3; 4) (8 + 3t1)d+ 3t2 7t1d+ 7t2
(3; 5) (8 + 14t1)d+ 14t2 6t1d+ 6t2
(3; 6) 8t1d+ 8t2 8d
(3; 7) 4d 4t1d+ 4t2
(3; 8) (8− 8t1)d− 8t2 −8t1d− 8t2
(3; 9) −14t1d− 14t2 (5− 8t1)d− 8t2
(3; 10) −3t1d− 3t2 (4 + 4t1)d+ 4t2
Lemma C.2. 1 + 5d = 16t1+16t2 .
Proof. By (C.1), we have
1 + 5d = 11d + 5d = 5d(1 + 6d) = (1 + d)16 = 16t1+16t2 :
Lemma C.3. t2 = 0.
Proof. Since 2 is a primitive root modulo 11, every integer 16 i6 10 can be ex-
pressed as a power 2ai modulo 11, where ai depends on i. Whence
1 + id = (1 + d)2
ai = it1d+2
ai t2 : (C.2)
Suppose that t2 = 0. Then
1 + d = t1d: (C.3)
For each t1 ∈{0; 1; 2; 3; : : : ; 9}, we can use (C.2) and (C.3) to reach at jd=1 for some
j with 16 j6 9. This is contrary to the primitivity of . When t1 = 10. We have
1 + d = 10d. Whence 1 + d + 2d = 0. Thus 3d = 1, which is impossible.
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Table 6
The values of A and B for f = 11: Part II
(r − u; s− v) mod 11 log A log B
(4; 5) (7 + 15t1)d+ 15t2 (7 + 3t1)d+ 3t2
(4; 6) (2 + 14t1)d+ 14t2 (7 + 2t1)d+ 2t2
(4; 7) −4t1d− 4t2 (4− 4t1)d− 4t2
(4; 8) (7 + 4t1)d+ 4t2 7d
(4; 9) (5− 14t1)d− 14t2 (7− 12t1)d− 12t2
(4; 10) −15t1d− 15t2 (1− 12t1)d− 12t2
(5; 6) (1 + 15t1)d+ 15t2 (6 + 15t1)d+ 15t2
(5; 7) (2 + 2t1)d+ 2t2 (6 + 14t1)d+ 14t2
(5; 8) 3d (3 + 8t1)d+ 8t2
(5; 9) (4− 2t1)d− 2t2 (6 + 12t1)d+ 12t2
(5; 10) (5− 15t1)d− 15t2 6d
(6; 7) (1 + 3t1)d+ 3t2 15t1d+ 15t2
(6; 8) (5 + 6t1)d+ 6t2 14t1d+ 14t2
(6; 9) −6t1d− 6t2 (8 + 8t1)d+ 8t2
(6; 10) (4− 3t1)d− 3t2 12t1d+ 12t2
(7; 8) (4 + 7t1)d+ 7t2 3t1d+ 3t2
(7; 9) 2d 2t1d+ 2t2
(7; 10) −7t1d− 7t2 (8− 4t1)d− 4t2
(8; 9) (1 + t1)d+ t2 (3 + 7t1)d+ 7t2
(8; 10) (2− t1)d− t2 (3 + 6t1)d+ 6t2
(9; 10) d t1d+ t2
Table 7
The pairs (i; j) and (j; i) with (i; j)(d;q) = 2 for f = 13
(t2; 0) (14t2;−t2) (−12t2;−15t2) (4t2;−3t2)
(24t2;−7t2) (0;−31t2) (−24t2;−31t2) (−4t2;−7t2)
(12t2;−3t2) (−14t2;−15t2) (15t2; t2) (2t2; 0)
(−8t2;−14t2) (28t2;−2t2) (24t2;−6t2) (−24t2;−30t2)
(−28t2;−30t2) (8t2;−6t2) (3t2; 15t2) (6t2; 14t2)
(16t2; 0) (28t2; 12t2) (0; 8t2) (−28t2;−16t2)
(7t2; 3t2) (30t2; 2t2) (16t2;−12t2) (4t2; 0)
(31t2; 7t2) (30t2; 6t2) (−t2;−t2) (−2t2;−2t2)
(−4t2;−4t2) (−8t2;−8t2) (−16t2;−16t2) (31t2; 31t2)
Lemma C.4. 31t2 ≡ 0 (mod d) and 7 divides d.
Proof. Note that 11d = 1. DeBne
x =
1− 10d
10d − 5d =
(d + 1)
6d(d + 1)16
= (5−15t1)d−15t2 :
On the other hand, we can compute x in the following way:
x =
(1 + 5d)2
5d(1 + 5d)
= 6d(1 + 5d) = (6+16t1)d+16t2 :
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Table 8
The values of A and B for f = 13: Part I
(r − u; s− v) mod 13 log A log B
(1; 2) (12 + t1)d+ t2 12d
(1; 3) (12 + 14t1)d+ 14t2 (12− t1)d− t2
(1; 4) (12− 12t1)d− 12t2 (12− 15t1)d− 15t2
(1; 5) (4 + 4t1)d+ 4t2 (12− 3t1)d− 3t2
(1; 6) (7 + 24t1)d+ 24t2 (7− 7t1)d− 7t2
(1; 7) 6d (12− 31t1)d− 31t2
(1; 8) (5− 24t1)d− 24t2 (5− 31t1)d− 31t2
(1; 9) (8− 4t1)d− 4t2 (12− 7t1)d− 7t2
(1; 10) 12t1d+ 12t2 (3− 3t1)d− 3t2
(1; 11) −14t1d− 14t2 (3− 15t1)d− 15t2
(1; 12) −t1d− t2 (1− t1)d− t2
(2; 3) (11 + 15t1)d+ 15t2 (11 + t1)d+ t2
(2; 4) (11 + 2t1)d+ 2t2 11d
(2; 5) (3− 8t1)d− 8t2 (11− 14t1)d− 14t2
(2; 6) (11 + 28t1)d+ 28t2 (11− 2t1)d− 2t2
(2; 7) 24t1d+ 24t2 (6− 6t1)d− 6t2
(2; 8) (11− 24t1)d− 24t2 (11− 30t1)d− 30t2
(2; 9) −28t1d− 28t2 (4− 30t1)d− 30t2
(2; 10) (8 + 8t1)d+ 8t2 (11− 6t1)d− 6t2
(2; 11) −2t1d− 2t2 (2− 2t1)d− 2t2
(2; 12) −15t1d− 15t2 (1− 14t1)d− 14t2
Note that the multiplicative order of  is 11d. It follows that 31t2 ≡ 0 (mod d). Note
that 31 is prime and t2 = 0 by Lemma 9. We have 31|d.
Lemma C.5. kt2 ≡ 0 (mod d) for any k with 16 k6 30.
Proof. It was proved in Lemma C.3 that t2 = 0. Note that 31t2 ≡ 0 (mod d) and 31
is prime. The conclusion of this lemma then follows immediately.
Proof of Lemma C.1. We now Bnd all two distinct pairs (u; v) and (r; s) in
{0; 1; : : : ; f−1}2 such that both (5) and (6) hold at the same time. By the assumptions
of (7), there are 90 cases. Due to symmetry, the values for A and B in the 45 cases
are given in Tables 5 and 6. Summarizing the 90 cases in the three tables, we see that
each of the 25 pairs (j; i)∈Zd ×Zd given in Lemma C.1 appear exactly twice in the
set {(log A mod d; log B mod d)}. It follows from Lemma C.5 that all the 25 pairs
(j; i) are pairwise distinct. The conclusion of Lemma C.1 then follows from Lemma
1.
Appendix D. Cyclotomic numbers of order (q − 1)=13
Throughout this appendix, let q = 2m = df + 1, where f = 13 and m is a positive
integer. Let  and the cyclotomic classes of order d be deBned as before. Note that
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Table 9
The values of A and B for f = 13: Part II
(r − u; s− v) mod 13 log A log B
(3; 4) (10 + 3t1)d+ 3t2 (10 + 15t1)d+ 15t2
(3; 5) (2 + 6t1)d+ 6t2 (10 + 14t1)d+ 14t2
(3; 6) (10 + 16t1)d+ 16t2 10d
(3; 7) (4 + 28t1)d+ 28t2 (10 + 12t1)d+ 12t2
(3; 8) 5d (5 + 8t1)d+ 8t2
(3; 9) (6− 28t1)d− 28t2 (10− 16t1)d− 16t2
(3; 10) −16t1d− 16t2 (3− 16t1)d− 16t2
(3; 11) (8− 6t1)d− 6t2 (10 + 8t1)d+ 8t2
(3; 12) −3t1d− 3t2 (1 + 12t1)d+ 12t2
(4; 5) (1 + 7t1)d+ 7t2 (9 + 3t1)d+ 3t2
(4; 6) (9 + 30t1)d+ 30t2 (9 + 2t1)d+ 2t2
(4; 7) (3 + 16t1)d+ 16t2 (9− 12t1)d− 12t2
(4; 8) (9 + 4t1)d+ 4t2 9d
(4; 9) −4t1d− 4t2 (4− 4t1)d− 4t2
(4; 10) (6− 16t1)d− 16t2 (9− 28t1)d− 28t2
(4; 11) −30t1d− 30t2 (2− 28t1)d− 28t2
(4; 12) (8− 7t1)d− 7t2 (9− 4t1)d− 4t2
(5; 6) (8 + 31t1)d+ 31t2 7t1d+ 7t2
(5; 7) (2 + 30t1)d+ 30t2 6t1d+ 6t2
(5; 8) (8− 8t1)d− 8t2 −8t1d− 8t2
(5; 9) 4d 4t1d+ 4t2
(5; 10) 8t1d+ 8t2 8d
(5; 11) (6− 30t1)d− 30t2 −24t1d− 24t2
(5; 12) −31t1d− 31t2 (6− 24t1)d− 24t2
1 + d must be written as t for some integer 06 t6 q− 2. Hence there are integers
06 t16 12 and 06 t26d− 1 such that
1 + d = t1d+t2 :
Lemma D.1. The cyclotomic number (i; j)(d;q) = 2 if (i; j) takes on one of the pairs
of Table 7, and (i; j)(d;q)6 1 for all other (i; j)∈Z2d. Here the arithmetic on t2 is
that of the residue class ring Zd.
Before proving Lemma D.1, we need several auxiliary results that are summarized in
the following lemmas. Recall that 1+d=t1d+t2 , where 06 t16 12 and 06 t26d−1.
Note that 13d = 1. We obtain
1 + 3d = (1 + d)16;
1 + 5d = 5d(1 + d)8;
which will be used frequently in the sequel.
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Table 10
The values of A and B for f = 13: Part III
(r − u; s− v) mod 13 log A log B
(6; 7) (1 + 31t1)d+ 31t2 (7 + 31t1)d+ 31t2
(6; 8) (7 + 6t1)d+ 6t2 (7 + 30t1)d+ 30t2
(6; 9) (3− 12t1)d− 12t2 (7 + 16t1)d+ 16t2
(6; 10) (4 + 12t1)d+ 12t2 (7 + 28t1)d+ 28t2
(6; 11) −6t1d− 6t2 (2 + 24t1)d+ 24t2
(6; 12) (6− 31t1)d− 31t2 7d
(7; 8) (6 + 7t1)d+ 7t2 31t1d+ 31t2
(7; 9) (2 + 2t1)d+ 2t2 30t1d+ 30t2
(7; 10) 3d 16t1d+ 16t2
(7; 11) (4− 2t1)d− 2t2 28t1d+ 28t2
(7; 12) −7t1d− 7t2 (8 + 24t1)d+ 24t2
(8; 9) (1 + 3t1)d+ 3t2 (5 + 7t1)d+ 7t2
(8; 10) (2 + 14t1)d+ 14t2 (5 + 6t1)d+ 6t2
(8; 11) (3− 14t1)d− 14t2 (5− 8t1)d− 8t2
(8; 12) (4− 3t1)d− 3t2 (5 + 4t1)d+ 4t2
(9; 10) (1 + 15t1)d+ 15t2 3t1d+ 3t2
(9; 11) 2d 2t1d+ 2t2
(9; 12) (3− 15t1)d− 15t2 −12t1d− 12t2
(10; 11) (1 + t1)d+ t2 15t1d+ 15t2
(10; 12) (2− t1)d− t2 14t1d+ 14t2
(11; 12) d t1d+ t2
Lemma D.2. t2 = 0.
Proof. Note that 2 is a primitive root modulo 13. This lemma can be proved similarly
as Lemma C.3.
Lemma D.3. 63t2 ≡ 0 (mod d).
Proof. DeBne
x =
1− 12d
6d − 12d :
The conclusion can be proved similarly as Lemma C.4.
Lemma D.4. 9t2 ≡ 0 (mod d).
Proof. We prove the conclusion by contradiction. Recall that the order of  is 13d
and that t2 = 0. Suppose that 9t2 ≡ 0 (mod d). We have then (1 + d)9 = id, where
06 i6 12, i.e.,
1 + d + 8d + 9d = id: (D.1)
We distinguish among the cases i = 0; 1; : : : ; 12. In each case, we can reach at a con-
tradiction (details are very technical and omitted here due to the limit of space). Thus
the conclusion of this lemma follows.
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Lemma D.5. 21t2 ≡ 0 (mod d).
Proof. We prove the conclusion also by contradiction. Recall that the order of  is
13d and that t2 = 0. Suppose that 21t2 ≡ 0 (mod d). We have then (1 + d)21 = id,
where 06 i6 12, i.e.,
1 + d + 3d + 5d + 7d + 8d = id: (D.2)
We distinguish among the cases i = 0; 1; : : : ; 12. In each case, we can reach at a con-
tradiction (details are very technical and omitted here due to the limit of space). Thus
the conclusion of this lemma follows.
Lemma D.6. kt2 ≡ 0 (mod d) for any k with 16 k6 62.
Proof. By Lemma 13, t2 = 0. If gcd(k; 63)=1, clearly kt2 ≡ 0 (mod d). If gcd(k; 63) =
1, the conclusion then follows from Lemmas D.4 and D.5.
Proof of Lemma D.1. We now Bnd all two distinct pairs (u; v) and (r; s) in {0; 1; : : : ;
f− 1}2 such that both (5) and (6) hold at the same time. By the assumptions of (7),
there are 132 cases. Due to symmetry, we need to take care of only half of the cases.
The values for A and B in the 66 cases are given in Tables 8–10. Summarizing the
132 cases in the tables, we see that each of the 36 pairs (j; i)∈Zd × Zd given in
Lemma D.1 appear exactly twice in the set {(log A mod d; log B mod d)}. It follows
from Lemma D.6 that all the 36 pairs (j; i) are pairwise distinct. The conclusion of
Lemma D.1 then follows from Lemma 1.
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